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Appendix A: A binomial product model can incorporate spatial aggregation for quadrat 

sampling  

 

Quadrat sampling has been widely used to estimate abundance of plants and other sessile 

organisms. Our model for incidence data (Eqs. 2a and 2b in the main text), when applied to 

quadrat sampling, can incorporate spatial aggregation or clustering.   

We first show how a binomial product can be obtained from quadrat sampling. Suppose that 

the region under investigation is divided into T
*
 disjoint quadrats of the same area and a sample 

of T quadrats are randomly selected. Then each selected quadrat is surveyed and the presence or 

non-detection of any species for each of these T quadrats is recorded. We assume that T is small 

relative to T
*
, so that sampling with or without replacement differ little.  

Let Mi be the unknown number of quadrats occupied by the ith species, i = 1, 2, …, S . 

Assume that, in each sampling unit, the conditional probability of recording species i in any 

selected quadrat (given that species i is present) is 0 < αi ≤ 1. That is, any selected sampling unit 

need not be completely censused. For this reason, our model also can be applied to sampling 

mobile animals. The model assumes that, out of these Mi quadrats, species i can only be recorded 

in Ui quadrats. Here, Ui is also unknown and Mi ≥ Ui ≥ 1. (For any species with Ui = 0, there is no 

chance to detect this species in any sample, so it should be excluded in the estimating target.) 

Thus, Ui is a truncated binomial distribution with probability 
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 , u = 1, 2,…, Mi.  (A.1) 

In the other iUT *  quadrats, either species i is absent or it is present but cannot be detected. 

Here we may assume any type of distribution for the probability αi (e.g., αi may be a constant, or 

αi follows a uniform or beta distribution).  

As discussed in the main text, we can form a species-by-quadrat incidence matrix (Wij) with 

S rows and T columns. The value of element Wij of this matrix is 1 if species i is recorded in the 

jth quadrat, and 0 otherwise. The row sum of the incidence matrix  


T

j iji WY
1

 denotes the 

incidence-based frequency of species i, i = 1, 2, ..., S.  The sample frequencies ),...,,( 21 SYYY  

given iU , i = 1, 2, …, S, follow a binomial product distribution:  
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1),...,2,1,,...,2,1,( , 1 ≤ ui ≤ Mi. (A.2) 

Combining (A.1) and (A.2), Chao and Chiu (2013) showed that the sample frequencies 

),...,,( 21 SYYY  follow approximately a binomial product distribution:  
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. (A.3) 

This is a special case of the binomial product model with T sampling units and species incidence 

probability πi for species i; see Eq. 2b in the main text. Here, the probability πi for species i in 

any quadrat is a product of rate Mi /T
* 

and αi. Because there are no restrictions on the variables 

),...,,( 21 SMMM , this model is valid even if species are spatially aggregated or clustered.  

The theory we prove here implies that the proposed binomial product model can be applied 

to any species distribution patterns in a region. Colwell et al. (2004, their Table 2) provided an 

illustrative example to demonstrate that two contrasting patterns (one region with association 

between species and the other with dissociation between species) give the same sample-based 

rarefaction curves as long as the sample frequencies ),...,,( 21 SYYY  for the two regions are 

identical.  
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