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Appendix C: Rarefaction and extrapolation for species richness (incidence data)

In this Appendix, we briefly review the incidence data sections of Colwell et al. (2012). We
also derive new formulas for coverage-based rarefaction and extrapolation curves for incidence
data.

Sample-size-based rarefaction/extrapolation

Rarefaction and extrapolation for incidence data are formulated under the model (Egs. 2a,
2b of the main text) in which the incidence frequency counts Y; follow a binomial distribution
with T sampling units and the incidence probability is 7z, for the ith species in any sampling unit,
i=1,2,...,S. Let Sgpe(t) be the expected number of species in a set of t sampling units

randomly selected from the assemblage. If we know the true species incidence probabilities
7, 7,, ..., s Of each of the S species in each sampling unit, then

S = X[-(1-7) =S -3 (A-7), t>1 1)

The plot of S¢,pe(t) with respect to the number of sampling units t (the sample size, in this case)

is the expected species accumulation curve for incidence data. The rarefaction (interpolation)
part estimates the expected species richness for a smaller number of sampling units t < T. Based
on the incidence reference sample with frequencies Y;, the minimum variance unbiased estimator
for S (t) is (Shinozaki 1963, see Chiarucci et al. 2008 for a history of this derivation)

gsample(t) = Sobs_ Z |:(T ;YI J/[-tr j:| ! t< T (C2)

a
Here, (b] =0 if a<b. We use this conventional definition throughout this Appendix.

sample

The extrapolation problem is to estimate the expected number of species Sg, (T +t) in
an augmented set of T+t~ sampling units (t” > 0) from the assemblage. From Eq. (C.1), we have



. S . C.3
ST +1) = E(S) + [~ -7) 107" (€3)
Chao et al. (2009, their Appendix) derived the following estimator:
-
§sampIe(T +t*) = Sobs + QO 1- (1_ L’\]
Q +TQ,
A -t'Q
~S .. +Q,[1-e 1], C.4
obs QO[ )<p(Q1+TQO)] ( )

where QO can be any predicted value of Qo, the number of species present in the assemblage, but
not observed in any sampling unit in the reference sample. Colwell et al. (2012) suggested that
QO can be obtained by using the Chao2 estimator (Chao 1987) or ICE (Lee and Chao 1994). The
estimator from the Chao?2 estimator is

6, - { [(T-D/TIQ? /2Q,),  if Q, >0 cs
[(T-D)/TIQQ -D/2, if Q=0

Here, we suggest using a bootstrap method to obtain unconditional variance estimators for
the rarefaction estimator in Eq. (C.2) and its predictor in Eq. (C.4). See Appendix G for details.
The resulting variances are then used to construct confidence intervals of the expected species
richness. As with abundance data, Colwell et al. (2012) linked the rarefaction and extrapolation
to form an integrated smooth curve. The corresponding confidence intervals based on a bootstrap
method also join smoothly at the reference point (T, Sops).

Coverage-based rarefaction/extrapolation

In this section, we derive estimators for sample coverage based on incidence data for a set
of sampling units (which together form the reference sample). The sample coverage of a
reference sample of T sampling units is defined as

Ziszlﬂil(Yi >0)
Ziszlﬂ'i ’

which represents the fraction of the total incidence probabilities of the discovered species in the
reference sample. This type of sample coverage was first defined in Chao et al. (1992) for

Coampie(T) = (C.6)



capture-recapture data. Analogous to Eq. (B.7), a very accurate estimator of the sample coverage
for reference sample size T is

2 _, Q) @T-DQ
Csample(-r)_:L U |:(T_1)Q1+2Q2:| ) (C7)

where U =377 kQ, =YY, denotes the total number of incidences in the reference sample.

Similarly, we can define sample coverage, C,....(t), for t sampling units. The expected sample

sample

coverage for t sampling units is

Srl-0-z)] Y-z
E[Csample(t)] == S =1-= S , =21 (C8)
Z”i Z”i

=1 i=1

For the rarefaction part of the curve (t < T), we can find the minimum variance unbiased
estimator for the denominator and numerator in Eq. (C.8), respectively, but their ratio given below
is only a nearly unbiased estimator of the sample coverage for t sampling units:

A t

Csample(t) Z;; T 1 t <T. (Cg)
This equation is analogous to Eg. (B.9) for abundance data. An estimator for the expected
coverage of an extrapolated sample with T +t” sampling units is

(T +t)=1- Q{ (T -DQ Tl (C.10)
(T-DQ+2Q, | '

sample

As t" tends to infinity, the extrapolated coverage estimator approaches unity, indicating complete
coverage. When t” = 0, Eq. (C.10) reduces to the sample coverage estimator for the reference
sample as given in Eq. (C.7). As with abundance data, a smooth coverage-based interpolation
and extrapolation curves with confidence intervals can be constructed for incidence data.
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